On Maximum Clique and Maximum Consensus Formulations
in Point Cloud Registration

Anonymous Authors

Abstract— Maximum clique and maximum consensus are
widely used formulations for robust point cloud registration
in robotics. Maximum consensus seeks one transformation that
aligns as many matches as possible, while maximum clique
selects matches through pairwise distance tests. Maximum
clique is often used as a substitute for or an approximation to
maximum consensus, with empirical evidence suggesting a close
relationship. However, how closely the two formulations agree is
not fully understood. We study this relationship theoretically.
We show that a maximum clique can have arbitrarily large
alignment error and be arbitrarily larger than the maximum
consensus set at any fixed positive tolerance, and derive geomet-
ric conditions that bound this error. When rotation is fixed, we
derive sharp error bounds and tests that exactly characterize
maximum consensus for the translation subproblem. Finally, we
study group-k consistency, which tests groups of & matches, and
determine the smallest group sizes that guarantee alignment
error bounds independent of point cloud scale and geometry.
These are d + 1 for rotations and translations and d + 2
when reflections are allowed, in dimensions d > 2. Interactive
examples and proof verification using the Lean theorem prover
are available at https://mc-vs—mc.pages.dev.

I. INTRODUCTION

To build a map or localize within one, a robot needs
to align 3D environment scans taken from different view-
points [3], [4]. Point cloud registration estimates the align-
ment between the scans when they are represented as point
clouds. When no initial alignment is available, registra-
tion pipelines begin by matching local features across the
scans, providing a set of tentative correspondences [1].
Repeated structures and limited overlap can make many of
these matches incorrect, so registration must identify which
matches support a reliable alignment.

Maximum consensus and maximum clique are two widely
used formulations for selecting reliable matches. Maximum
consensus seeks one transformation that aligns as many
correspondences as possible within a prescribed tolerance.
Maximum clique selects a largest set that passes all pairwise
distance tests, without estimating a transformation. The two
are closely related, and maximum clique is often used as
a substitute for maximum consensus, but how far their
solutions can differ is not fully understood.

At matched tolerances, maximum clique is a relaxation
of maximum consensus. Any set that one transformation
aligns within the point tolerance passes every pairwise test
and therefore forms a clique, so maximum clique size gives
an upper bound on maximum consensus. The converse does
not hold in general [5], [6]. This upper bound alone does
not tell us the clique’s alignment error or how many of its
matches can be aligned within the prescribed tolerance. Fig. |

® Source
Target

- Inliers (14)
- Maximum Consensus (39) &
~o- Maximum Clique (42)

2 e

Point RMSE: 3.9 cm

(c) Maximum Clique alignment (d) Maximum Consensus alignment

Fig. 1. Maximum clique and maximum consensus can yield very
different alignments. (a) Tentative feature correspondences between two
3DMatch [1] scans using FPFH [2] and mutual nearest neighbor matching.
(b) Scans aligned using the ground-truth transformation, showing the inlier
correspondences, maximum consensus set at tolerance 5 cm, and maximum
clique of the pairwise consistency graph at tolerance 10 cm. (c) Fitting
the maximum clique produces a poor registration despite its pairwise
consistency. (d) Fitting the maximum consensus set closely aligns the scans.

shows an example in practice, where a maximum clique and
a maximum consensus set of similar sizes have few matches
in common and produce very different registration results.
Testing larger groups offers a way to narrow this gap by
detecting inconsistencies that pairwise tests miss. In group-k
consistency, every group of up to k£ matches must admit an
alignment within the prescribed tolerance, although different
groups may use different transformations [7]. Fig. 2 com-
pares these three selection approaches on a small example.
In this paper, we study the theoretical relationship be-
tween these three formulations, independently of a specific
registration pipeline. We begin with the simpler problem of
known rotation, where pairwise tests bound the translation
error and testing larger groups gives an exact characterization


https://mc-vs-mc.pages.dev

Point Matching

Robust Registration

Input Maximum consensus
° ) Ty: 1 inlier Ty: 2 inliers T,: 4 inliers Largest alignable set
° 2
[§) o Y48 © u,
° ° o 5] a q
- s q © q5'9 qs 10 q,
o © - - © u,
595 g4 q3 o g3 ®
(<3 us
° ® o0 ° s © ©q
9o 96 9o ©
& o © i
Source Target -

Maximum clique
Pairwise distances
Associations q
Ps
qi P3

qs >
P2 qs
qs4
Pe P4

P2 u, 96
4% © *0q; Group-k consistency (k = 3)
Source triangles ~ Target triangles

Uy, Uy
—
Us, Us
et

Piou

Ps Uy, U

us

Pairwise consistency

Triangle consistency

Consistency graph

Largest pairwise consistent set

llpr = p2ll = llas = q2lll < ¢ & P q

[llpz = psll = llaz — gsll| < ¢ vV — P2 I
pP3 q3

lllpr = psll = llas — aslll < % Pa m

Hypergraph Largest group-3 consistent set

Uy
P3O——0¢;
A 91
3 @ 0 1 2 Pi 9
Pa uy s P < / v IZI
Pe &——0¢, L, : as 3 o 2
P g _— i — s P2 o«
U Ps b= 5 P3 93
96 Do P4 “ R ’ X -
9 2 m Pa 94
Fig. 2. Point matching followed by correspondence selection. Maximum consensus finds the transformation, 7%, that aligns the most matches within

tolerance among possible transformations such as Tp, 77 and T. Maximum clique selects a largest set passing all pairwise distance tests. Group-3
consistency requires every triple in the selected set to be alignable at that tolerance, possibly by different transformations.

of maximum consensus. When rotation must also be esti-
mated, we show a maximum clique can have arbitrarily
large alignment error and be arbitrarily larger than a
maximum consensus set. We derive bounds that explain
how this error depends on point cloud geometry. We then
show how group-k tests give alignment error guarantees
without assumptions on point cloud scale or geometry, and
determine the smallest group sizes needed. In summary, the
contributions of this paper are as follows:

o We show that maximum clique and maximum consensus
methods for point cloud registration can give different
results in general. In particular, for certain point clouds,
maximum clique can produce matches that cannot be
obtained through maximum consensus, regardless of the
chosen tolerance.

« When the rotation that aligns two point clouds is fixed,
we provide sharp lower and upper bounds on the maxi-
mum consensus solution size in terms of the maximum
clique size. In particular, in a d-dimensional space,
we show that maximum clique using group-(d + 1)
consistency is equivalent to maximum consensus.

« In the general case with unknown rotation, we show that
d + 1 is the smallest group size for which maximum
clique using group consistency can provide lower and
upper bounds on the maximum consensus solution size.
When reflections are allowed, the smallest such group
size is d + 2.

II. RELATED WORK

Maximum consensus methods jointly estimate a transfor-
mation and select the correspondences that it fits within a
tolerance. Random sampling can approximate maximum con-
sensus by fitting small subsets and counting their inliers [8].
Deterministic methods use branch-and-bound search to solve

the maximum consensus problem [9] or subproblems based
on other robust losses [10]. Geometric pruning methods
can reduce this search by removing correspondences while
preserving the maximum consensus solution [11].

Clique-based outlier rejection offers practical runtimes and
robustness to extreme outlier rates, with reported registration
results including cases where over 99% of matches are
incorrect [12], [13]. Approaches include exact maximum
clique search [12], approximations using large maximal
cliques [13], and evaluating multiple candidate cliques before
selecting an alignment [5], [6]. Graph structure and effective
pruning can make maximum clique search practical despite
its worst-case complexity [14], [12]. Clique selection can
precede robust fitting [3], [15] or maximum consensus in
separate rotation, translation, and scale subproblems [16].

Extensions of pairwise consistency use triangles [17] or
shared neighbors [18] to reject matches that pass individual
pairwise tests. Group-k consistency generalizes compatibility
checks to £ measurements and formulates selection as maxi-
mum clique in a hypergraph [7]. These tests capture relations
among larger groups that pairwise checks can miss.

Beyond point cloud registration, consistency-based selec-
tion is used in inter-robot loop-closure selection [4], rotation
averaging [15], and object-based localization [19]. These
applications share the question of whether locally compatible
measurements support one common estimate. A related ge-
ometric question arises in global graph rigidity, which asks
when edge lengths uniquely determine a point configuration
up to rigid motion [20].

This work studies the theoretical relationship between
maximum consensus, maximum clique, and group-k con-
sistency in point cloud registration. We use results from
classical geometry [21], near-isometry theory [22], [23],
and Procrustes analysis [24], [25], [26] to establish when
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Fig. 3. Two reflected triangles have identical pairwise distances, forming
a clique at ¢ = 0. At 7 = 0.5, maximum consensus restricted to proper
transformations can align only two matches.

consistency tests guarantee a bound on alignment error and
when they can fail.

III. PRELIMINARIES

Let {(pi,q;)}™,, with p;, q; € R%, be a set of candidate
correspondences. A correspondence set C denotes a subset
of the indices {1,...,n}. Registration seeks a rigid trans-
formation 7'(p) = Rp + t, where t € R? and R € O(d).
We write T' € E(d) for such transformations. We initially
allow reflections to show that pairwise consistency can fail
even when reflections are permitted. See Fig. 3. Proper rigid
motions are treated separately in Section VI-C.

A. Maximum consensus

Given a point-error tolerance 7 € R*, maximum consen-
sus seeks a transformation that aligns as many correspon-
dences as possible within 7. To express this objective in
terms of subsets, define the alignment error of a correspon-
dence set C as

p(C) =

We call C alignable at tolerance 7 if a single transformation
makes every point-to-point error at most 7, or equivalently
p(C) < 7. We call the largest such set the maximum
consensus set and denote its size by

MC(7) = max{|C| : p(C) < T}. (2)

i T(p;) — qill. 1
TglEl?d)rgleacXII (pi) —aill (1)

B. Pairwise consistency
Pairwise consistency uses the fact that rigid transforma-

tions preserve distances. Define the distance discrepancy of
a pair and its maximum over a correspondence set

6ij = | Ipi — psll — llas — qjl |, 3)

5(0) zI)I;Eé}c( 51']'. (4)

The consistency graph has one vertex per correspondence
and an edge between 7 and j whenever d;; < e. A clique
is a set of vertices in which every pair is connected, and a
maximum clique is a largest such set. Let w(e) denote the
maximum clique size at tolerance e

w(e) = max{|C| : §(C) < €}. 3)
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Fig. 4. In the translation subproblem, pairwise consistency does not
guarantee a common translation at the same tolerance. (a) Each arrow p;
is the translation vector that aligns source p; and target q;. (b) Every disk
of radius 7 centered at p; contains all translations that align p; and q;
within 7. Crosses mark pairwise intersections, but no translation aligns all
three correspondences.

Note that the edge tolerance e bounds distance disagreement,
whereas T measures point error.

If C is alignable at tolerance 7, the triangle inequality
bounds the distance discrepancy of every pair by 27. Con-
sequently,

5(C) <2p(C),  MC(r) < w(27). (©)

C. Group-k consistency

For two correspondences, the alignment error is exactly
half their distance discrepancy: p({i,j}) = d;;/2. A set
therefore forms a clique at tolerance 27 if and only if
every pair is alignable at tolerance 7. Group-k consistency
extends this requirement to larger subsets [7]. We call C
group-k consistent at tolerance T if every subset of at most
k correspondences is alignable at 7, allowing a different
transformation for each subset. Equivalently, p(C) < 7,
where the group-k consistency error is the largest alignment
error among these subsets

pr(C) = max p(Z). (7
IZI<k

Increasing k strengthens the tests, giving
5(€)/2=p2(C) < p3(C) <--- < p(C). (8)

A uniform bound p(C) < ¢py(C) means that fitting every
subset of at most k correspondences within 7/¢ guarantees
one common alignment within 7. Throughout the paper, we
therefore derive alignment error bounds, which also give
lower bounds on maximum consensus.

IV. TRANSLATION SUBPROBLEM

We begin with the translation subproblem, in which
rotation is fixed and only translation is estimated. This
setting arises naturally in registration pipelines that estimate
rotation and translation separately [3], [16], and provides a
geometric baseline for understanding what local consistency
can guarantee. Even in this simpler setting, aligning every
pair of correspondences within a tolerance does not ensure
a common translation at that tolerance. However, the gap is
bounded, and we derive sharp alignment error bounds that
progressively tighten as larger subsets are tested.



For a fixed rotation R, each correspondence suggests the
translation u; = q; — Rp;, illustrated by the arrows in
Fig. 4(a). Applying a translation t gives correspondence ¢ a
point error of ||t — u;]|. Therefore, the translations that align
correspondence ¢ within 7 form a ball of radius 7 centered at
w;, shown in Fig. 4(b). Two correspondences are alignable
by a common translation within 7 exactly when their disks
intersect, or equivalently when ||p2; — ;|| < 27. In the figure,
every pair of disks intersects, but no translation belongs to all
three, and aligning the entire set requires a larger tolerance.

To determine the tolerance required for a common trans-
lation, we define the translation-only alignment error as

®(C) = mi t — . 9
p(C) = min max [t — g, 9

Geometrically, p(")(C) is the radius of the smallest ball
enclosing the candidate translations. Jung’s theorem [21]
bounds this radius in terms of the largest distance between
the candidates. Since the pairwise test ensures that these dis-
tances are at most 27, Jung’s theorem bounds the alignment

error by
2d
(t) < — \/7
prE) ST Ja= T

In one dimension, J; = 1, so maximum clique under this
pairwise test is the same as the maximum consensus. The
same equivalence holds for scalar scale estimation [16]. In
2D and 3D, the pairwise test guarantees a common transla-
tion within approximately 1.157 and 1.227, respectively.

The generalized Jung’s theorem [21] extends the pairwise
bound to group-k consistency tests. Define p,(ct) as in (7),
using p*) in place of p. The alignment error is then bounded
by

(10)

g kd

N @Yk -1)
for 2 <k <d+1. At k = d+ 1, the factor equals one, so
aligning every subset of at most d+1 correspondences within
T guarantees a common translation at the same tolerance.
Selecting a largest set satisfying these tests therefore solves
translation-only maximum consensus exactly.

PO (C) < P (C) Tk, (11)

V. PAIRWISE CONSISTENCY WITH UNKNOWN ROTATION

We now consider the case where both rotation and trans-
lation are unknown. We first show that pairwise consistency
does not guarantee bounded alignment error, and that the
maximum clique size can exceed the maximum consensus
size by an arbitrarily large factor. We then identify additional
geometric conditions under which pairwise consistency guar-
antees bounded alignment error.

A. Limitations of pairwise consistency

We show that alignment error can grow arbitrarily large
while pairwise consistency holds at a fixed tolerance. To
simplify the arguments, we exploit the following constraint
that pairwise consistency does not capture.
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Fig. 5. Unbounded joint error at fixed pairwise discrepancy. (a) Source
and target points. (b) Maximum pairwise distance error § and alignment
error p as distance £ grows.
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Fig. 6. All six correspondences are pairwise consistent at a distance-
discrepancy tolerance of 5 cm, but no triple can be aligned within 2.5 cm.
Thus maximum clique has size 6, while maximum consensus has size 2.

Lemma 1 (Zero-sum combination bound). For a correspon-

dence set C and coefficients o; satisfying ), a; =0,

125 cipill = 11525 quall] < p(€) 32 Jevil-

If one transformation aligns all correspondences within 7,
it also aligns corresponding midpoints and, more generally,
convex combinations within 7. Differences of convex combi-
nations give the zero-sum combinations used in the lemma.

(12)

Example 1 (Unbounded alignment error). Consider aligning
the point clouds in Fig. 5(a) at tolerance 7, with

P = {(ng)v (0, _£)7 (070)}7
Q = {(076)7 (Oa 76)7 (av 0)}

The point p3 is the midpoint of p; and p2, whereas qs lies
a distance of |a| from the midpoint of ¢; and q2. Therefore,
Lemma 1, with @ = (1,3,-1), gives p(C) > |a|/2.
Translating every source point horizontally by a/2 attains
this bound, so p(C) = |a|/2.

The distance between the first two source points equals the
distance between their corresponding target points, and the
other two pairwise distances each change by § = v//2 + a2 —
£. To keep this discrepancy fixed, choose

13)

a=+\/({+27)2 -2 =2/1({+7). (14)
As shown in Fig. 5(b), this keeps 6 = 27, while
lim p(C) = lim < = oco. (15)

£— 00 =00 2

Example 2 (Maximum clique can be arbitrarily larger than

maximum consensus). As illustrated in Fig. 6, place n source

points on a line and their targets on a parabola

n+1
2 )

P = (&C“ 0)7

1=1

T =1— n

7 (16)
qi = (bz;, ax?).

g
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A distance calculation similar to that in Example | gives

5y < a?lz; — zj|(z; + x5)?
20
Choosing ¢ sufficiently large ensures d;; < 27 for every pair,
forming a complete consistency graph with w(27) = n.
For indices 7 < j < k, co-linearity of source points gives

o
+ (1= \)py, J

A= —.
k—i
Using Lemma | with coefficients o = (A, —1,1—\) gives

Since (j — ¢)(k — j) > 1, the alignment error is at least
|a|/2. Choosing a > 27 makes every triple inconsistent.
Consequently

a7

p;j = Api (18)

w(21) = n, MC(r) = 2. (20)

B. Alignment bounds using point cloud geometry

Both previous counterexamples exploit increasing point
cloud diameters to reduce pairwise distance discrepancies.
This dependence on scale is captured by classical near-
isometry theory, which studies how closely a map that
approximately preserves distances can be matched by a rigid
transformation [22], [23]. Let C be pairwise consistent at
tolerance €, and let D be the diameter of its source points.
For e < D,

p(C) < Cd\/Ev

where ¢4 depends only on dimension. For € < 0.01D, the
stated constants are co = 8.73 in 2D and c3 = 18.8 in
3D [22]. The VD dependence is also unavoidable without
additional assumptions such as point cloud spread or thick-
ness, as Example 1 shows.

The diameter bound can be conservative because it uses a
single global scale for all pairs. We instead derive a bound
that combines each pair’s discrepancy with its own source
and target distances. Define the maximum squared-distance
discrepancy of C as

2n

hC) = max||p; — p;|I> — la: —q;[I?]. (22)
i,j€C

For a pair with source and target distances v and v, we have
|u? — v?| = |u — v|(u + v). Thus, squared-distance discrep-
ancies weight each pair’s distance disagreement by the sum
of its source and target lengths, penalizing discrepancies on

longer pairs more strongly.

Proposition 1 (Squared-distance bound). For any correspon-
dence set C,

p(C)? < V2dh(C).

The proof is given in the Appendix.

Consider a graph with one vertex per correspondence and
an edge whenever the pairwise squared-distance discrepancy
is at most 7). Let wy,(n) denote its maximum clique size. At
n = 72/v/2d, Proposition 1 guarantees that every clique is
alignable at tolerance 7, giving

wh(\;;d) < MC(r).

(23)

(24)
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Fig. 7. Group-3 consistency does not bound the alignment error when
reflections are allowed. (a) Four correspondences forming a rectangle of
width 2 and height ¢, with the two lower targets exchanged. (b) Every
triple can be aligned with maximum point error at most /€2 + 4 — £. As
£ grows, this error tends to zero, while aligning all four correspondences
requires error at least 1.

The same bound also yields a diameter-based guarantee.
Pairwise consistency bounds the target diameter by D +¢, so
h(C) < (2D + €)e. Proposition 1 therefore gives co = 2.01
and c3 = 2.22 in (21) in the same regime.

VI. GROUP-k CONSISTENCY

Group-k consistency strengthens the local tests themselves
and can provide alignment error guarantees without con-
trolling point cloud scale or geometric conditioning. We
first show that group-(d + 1) consistency can still leave the
alignment error unbounded. We then prove that d + 2 is the
smallest group size that guarantees an alignment error bound.
Finally, we separately study proper rigid transformations in
SE(d), where the consistency hierarchy behaves differently.

A. Limits of testing smaller groups

Testing larger groups does not immediately provide an
alignment error guarantee.

Example 3 (Group-3 consistency cannot bound the error).
Consider aligning two point clouds whose source points are

P:{(150)7(_130)7(1’6)7(_176)}a (25)

The target points are identical except that the two lower
targets are exchanged, as shown in Fig. 7.

Taking o = (1,-1,—1,1) gives >, a;p; = 0 while
>, @iq; = (—4,0). Therefore, Lemma 1 gives p(C) > 1.

On the other hand, every triple can be aligned as in
Fig. 7(b). First, align the unique point in one row with
its corresponding target. The angle between its two sides
is unchanged, so rotate or reflect the source to make the
corresponding sides point in the same directions. These sides
have lengths ¢ and +/¢2 + 4, which are exchanged in the
target triangle. The other two points therefore each have error

V2 +4 — ¢, giving
lim p3(C) < lim /2 +4—4¢=0.
L—o0 £—o0

We can extend Example 3 to every dimension. First add
zero coordinates to all points to embed them in higher
dimensions. In three dimensions, replace p4 by two matching
points whose midpoint is the original py. In higher dimen-
sions, use d — 1 affinely independent points whose average
is the original p4, with their spread in the additional direc-
tions increasing with ¢. More formally, choose fixed vectors

(26)



Vi,...,Vq_1 spanning R?~2 and satisfying Zf;ll v, = 0.
Replace the correspondence p4 by

Pi+3 = (_17€7€Vi)7 7’:177d_1 (27)

Set q1 = p2 and q2 = pi, keeping all remaining target
points identical to their sources. This construction gives the
following result, which is proved in the Appendix.

Proposition 2 (Limits of group-(d + 1) tests). For every
d > 2, there are correspondence sets Cy in R such that

i paea(C) =0, p(C) 21 VE>0. (28)

B. Rigid motions allowing reflections

Proposition 2 shows that group-(d+ 1) consistency cannot
guarantee an alignment error bound. Increasing the group
size by one, however, gives a guarantee independent of the
number of correspondences and their geometry.

Theorem 1 (Group-k consistency). For every correspon-
dence set C of points in R?,

p(C) < 2Vd pgs2(C).

In 3D, if every subset of up to five correspondences can be
aligned within 7, possibly by different transformations, then
one rigid transformation aligns the entire set within 21/3 7.

The remainder of this subsection develops the proof of
Theorem 1. We first relate the alignment error to weighted
least-squares fitting, then show how local consistency bounds
these weighted errors. Proofs of the intermediate lemmas are
given in the Appendix.

For weights w with ||w||2 = 1, define the optimal
weighted least-squares error

(29)

E(w) = min w?”T(pi) — qi||2. (30)

TER(d) {7

This is a weighted orthogonal Procrustes problem, solvable
using singular value decomposition [27]. Maximizing E(w)
over the weights gives the Lagrangian dual problem of p(C)?

p(C)? = 31)

Lemma 2 (Duality gap bound). For every correspondence
set C,

max E(w).

lIwll2=1

p(C) < p(C) < V2p(C). (32)

To bound E(w) using local consistency, we return to the
zero-sum point combinations from Lemma 1, such as vectors
between midpoints. The following lemma expresses the
weighted fitting error as a sum of squared length differences
between corresponding source and target combinations.

Lemma 3 (Weighted error as length differences). For ev-

ery w with ||wl|la = 1, there exist orthonormal vectors
Vi,...,Vy, With r < 2d, such that, setting a) =wo vj,
- () D )2
Ew) = (1o pill = 12, 06" aill)™s (33)
j=1
Tw — R
v; w=0, j=1...n (34)

Here © denotes the elementwise product.
We next bound these length differences using local con-
sistency, extending Lemma 1.

Lemma 4 (Local zero-sum combination bound). For a
correspondence set C and coefficients satisfying », . a; =
0,

125 qipill = 1225 qadll] < pa2(C) 3 el

Although the coefficients can involve the entire set, the
bound depends on at most d + 2 correspondences at a time.

(35)

Proof of Theorem 1. Lemma 4 bounds each length differ-
ence in Lemma 3 by pg42(C). With at most 2d squared terms,
E(w) < 2dpg42(C)? for every w. Maximizing over w gives
p(C)? < 2dpa+2(C)?, and Lemma 2 gives (29). O

C. Proper rigid motions

So far, allowing reflections has strengthened the coun-
terexamples by allowing a larger transformation class. For
group-k consistency, however, proper rigid motions behave
differently. Restricting orientation changes the first k that
guarantees a bounded alignment error. We write p™(C)
for (1) with the optimization restricted to SE(d), and define
py (C) analogously.

Lemma 5 (Local orientation equivalence). For a correspon-
dence set T with |Z| < d, p*(Z) = p(Z). Consequently,
oy (C) = pi(C) for every k < d.

Together with Proposition 2, this rules out an alignment
error bound for £ < d. By Lemma 5, Example 3 gives

Jim pi(C) =0, p*(C) 2 p(C) =1 VL>0. (36)
— 00

At k = d + 1, the orientation restriction becomes useful.
Comparing two proper rigid motions on at most d well-
chosen source points is enough to bound their disagreement
over the entire cloud.

Lemma 6 (Anchor control). For every set of source points

P C RY, there is a subset A C P with |A| < d such that
any two transformations T, U € SE(d) satisfy

max |7(p) ~ U(p)| < dmax | T(a) - Ula)]. (37

In 2D, we can choose a farthest pair of source points, and
in 3D, the vertices of a maximum-area triangle suffice. The
proof is given in the Appendix.

Proposition 3 (Proper group-k consistency). For every cor-

respondence set C of points in R%, with T = pdtrl(C)
pt(C) < (2d+ 1)T. (38)

Proof. Choose anchor indices A as in Lemma 6. Let T} fit
A within 7, and let T; align A U {¢} within 7. They differ
by at most 27 on every anchor, so for all ¢

1To(pi) — asll < 1To(ps) — Ti(pa) | + 7 < (2d+1)7. (39)
O



VII. CONCLUSION

We have shown that maximum clique can differ arbitrarily
from maximum consensus in both selected-set size and align-
ment error. For fixed rotation, classical geometry provides
a bound on alignment error and establishes the equivalence
between maximum consensus and selecting a largest group-k
consistent set at k = d+ 1. For full registration, our squared-
distance bound accounts for the scale of each pair, while
group-k tests can remove dependence on point cloud scale
and geometry altogether. The smallest sufficient group sizes
are d+ 1 for proper rigid motions and d+ 2 when reflections
are allowed. These results establish theoretical guarantees
and limitations of pairwise and subset consistency, indepen-
dent of any particular registration pipeline.
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APPENDIX

We present proofs of the results discussed in the main
text. All proofs have been formally verified using the Lean
theorem prover [28]. The corresponding Lean formalization
is available at https://mc-vs—-mc.pages.dev.

Proof of Lemma 1. Choose a transformation with residuals
e; = Rp; +t—q; satisfying ||e;|| < p(C). Since > . o; =0,
we have RY . a;p; — Y, q; = Y, a;e;. The triangle
inequality gives (12), since R preserves lengths. O

Proof of Proposition 2. A fit of the replacement points also
fits their centroid, the original p,4, within the same tolerance.
Lemma 1 therefore gives p(C;) > 1. If a (d + 1)-point
subset omits p; or p2, apply the planar fit in the first two
coordinates and leave the others unchanged. The replacement
points share their planar coordinates, so every residual is at
most v/¢2 + 4—£ — 0. Otherwise, the subset contains p1, p2
and d — 1 points whose targets are unchanged. Take the
hyperplane through the origin and these fixed points. Their
last d—1 coordinates, divided by ¢, are (1, v;), possibly with


https://mc-vs-mc.pages.dev

one vector replaced by their average (1,0). The spanning
and zero-sum conditions make (1, v;) a basis; replacing one
vector by their average preserves independence. The first
coordinates remain bounded, so this hyperplane tends to
x1 = 0 as ¢ grows. Reflection in this hyperplane fixes those
points and swaps p1, p2 with vanishing error for large ¢. [

Proof of Lemma 2. For any transformation, the weighted
mean squared error is at most its largest squared residual,
giving p < p. Put b = p(C)? and \; = w?. All vectors
q; — Rp; lie in one fixed ball. Projecting translations onto
this ball cannot increase residuals, so the transformations
may be restricted to a compact set. The expected squared
error is linear in the weights and in a probability distribution
over transformations. The minimax theorem [29] therefore
gives optimal weights A™ and a random fit T satisfying

E|T(p:) — qi||2 <b Vi (A1)

The A*-weighted error is at least b for every fit and has mean
at most b, so the distribution uses only weighted minimizers.
Every such minimizer aligns the A*-weighted centroids p, q.
Thus T'(p) = U(p — p) + q for a random U € O(d).

Take an SVD EU = N = AXB" and set R = AB'.
The singular values o; of N lie in [0, 1], so [20; — 1| <1
and ||2N — Rz < 1. Hence y " (2N — R)x < [|x|[|y|l <
(lIxlI* + lly||?)/2. Expanding the squared errors then gives

HIRx —y|* <EJ[Ux — y|*. (A2)
Taking x = p; — p and y = q; — q proves (32). O

Proof of Lemma 4. Put ¢ = pqi2(C), L = ), |oy], and
X = ). o;p;. Fix a unit vector u and maximize u’ > Bid
subject to >, Bipi = x, >, 8 = 0, and } |8 <
L. Writing each (; as the difference of two nonnegative
variables gives a bounded linear program with d+1 equalities
and one bound on their sum. Adding a slack variable for
this bound gives d+ 2 equality constraints. An optimal basic
solution has at most d + 2 nonzero variables, and therefore
uses at most d + 2 correspondences. Since « is feasible,
applying Lemma 1 to those correspondences gives

u' Zaiqi <u' Zﬁiqi <||x|| +¢L. (A3)

i i
Maximizing over u bounds the target norm. Exchanging
source and target gives the reverse inequality. O

Proof of Lemma 3. Let p =Y, w?p; and q = Y, w?q, be
the weighted centroids, and form matrices with columns

F; = wi(pi — p), G; = wi(q; — q). (A4)

The optimal translation is g — Rp [27], giving
E(w)= min ||RF - G|3. AS
(w) Rin, | 2 (AS)

On S = (ker F Nker G)+, the Fuchs—Caves identity [30]
and the Procrustes trace formula give an orthonormal basis
V1i,...,V, such that

s

E(w) =Y (IFvjll = IGv;])*.

Jj=1

(A6)

For positive-definite real Gram matrices, the identity is at-
tained by an eigenbasis of a real symmetric matrix; rescaling
removes its trace-normalization requirement. For singular
Gram matrices, add nlg to both restrictions to S. As 7 | 0,
compactness gives a convergent subsequence of orthonormal
bases, and continuity preserves the identity.

Finally, » = dim S < 2d and Fw = Gw = 0, so vaW =
0. Thus o) = w ©® v; has zero sum, centering cancels,
and (A6) gives the stated point combinations. O

Proof of Proposition 1. Use the centered matrices in (A4),
set H=T1— ww ', and define

Aie = wiwg (lpi — prll* = e — axl|?). (A7)
Expanding squared distances gives
F'F-G'G=-1HAH. (A8)

Since H is an orthogonal projection and ||wl||2 = 1 gives
[IA]|F < h(C), the Procrustes bound [25] yields

E(w) <V2d|F'F - G'G|F

(A9)
< V2| A| R < Y22p(C).

Maximizing over w and applying Lemma 2 gives (23). [

Proof of Lemma 5. Because there are at most d source
points, they lie in an affine hyperplane. Reflection J across
this hyperplane fixes them all. If an optimal unrestricted fit
T is improper, T o J is proper and has the same residuals.
Thus restricting the fit to proper motions does not change
the optimal error. O

Proof of Lemma 6. If P has affine dimension r < d, choose
the vertices of a maximum-volume r-simplex as anchors.
Each point has coordinates p = Zj Bja; with Zj B =
1. Replacing vertex j multiplies its volume by |5;|, hence
|6;] < 1. The affine map 7' — U therefore gives ||T'(p) —
U(p)|| < (r+1)max; | T(a;) — U(a;)|, with r +1 < d.

For full-dimensional P and d > 2, choose the d vertices
of a maximum-volume (d — 1)-simplex A. For the rotations
R,S € SO(d) of T,U, halving the planar rotation angles
gives an orthogonal square root Q> = RTS. The map
f = Q"RT(T — U) preserves disagreement lengths and
has skew-symmetric linear part K = QT — Q. Choose the
origin in the anchor hyperplane and let n be its unit normal.
Write x = v+hn, with v L n. Let 3;(v) be the barycentric
coordinates of v and g their gradients within the hyperplane.
Interpolation and KT = —K give

d

f(x)=>_[B;I+ h(ng] —g;n")|f(a)).

j=1

(A10)

The jth coefficient matrix has norm /52 + h?||g;||2. Since
llg;]| is the reciprocal of the altitude at a;, this is also
the volume ratio when a; is replaced by x. For x € P,
maximality bounds each factor by one, giving ||f(x)| <

225 I (@)l < dmax; [ f(az)]-
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